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EQUATIONS OF GEODESICS IN A TWO-DIMENSIONAL FINSLER
SPACE WITH SPECIAL (&, ) METRIC

O Arun KumarOjha

INTRODUCTION :

. The geodesic equation in a two-dimensional Finsler space is given by the differential
equation of the Weierstrass form. In the year 2000 Matsumoto and Park express the
differential equations of geodesics m a two dimensional Finsler space with a generalized
Kropina metric. The purpose of present paper, we express the differential equations of
geodesics in a two-dimensional Finsler space with special (a, ) metric is of the form

ﬁuz
L=a+ﬁ+ﬁ .
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1. Introduction:-

In the year 1997 Matsumoto and Park [1] obtained the equation of geodesics in two
dimensional Finsler spaces with the Randers metric (L = & 4 f§)and the Kropina metricL =
(a®/B), whereas in 1998, they have [2] obtained the equation of geodesic in two-dimensional
Finsler space with the slope metrics, i.e. Matsumoto metric given by L = a’f(a — B), by
considering § as an infinitesimal of degree one and neglecting infinitesimal of degree more
than two they obtained the equations of geodesic of two-dimensional Finsler space in the
formy" = f = (x,y, "), where (x, y) are the co-ordinate of two-dimensional Finsler space.

The study on the differential equations of geodesics in a two-dimensional Finsler spaceF? =
(M?, L)with an (e, £)-metric is interesting and useful. The geodesics of F? are regarded as
the curves of an associated Riemannian space R? = (M?, a) which are bent by the differentia
1-form f. Recently, M. Matsumoto and the first author ([9]) have expressed the differential
equations of the geodesics in two-dimensional Randers spaces and Kropina spaces in the
clearest furm}r” = f[x,y,yr].
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The purpose of the present paper is devoted to studying the differential equations of
geodesics in a two-dimensional Finsler space with special (@, f)metric.

2.Preliminaries

Let F*=(M%L)be a two dimensional Finsler space with a Finslermetric
ﬁ.mctiunf..(xl,xz;}*l,yz}. We denote %= j},:—}'lrl = fimli = 1,2)or any Finsler function
fxt, 2% 1, ¥*). Here after, the suffices i, j run over 1, 2.
SinceL(x?, x%; y', ¥%) is (1) p-homogeneous in (¥, ¥*)we have Lijypy' = Owhich imply the
existence of a function, so called the
Weierstrass invariant W{x?!, r2; _j.-'l, }*2}([4]J [B]}givcn by

L Lty L
Qe = -0 =l W eyt y?)

In a two-dimensional associated Riemannian space R? = (M? a)with respect

toL = e and e — ay (x*, x?)y!y) | the Weierstrass invariant W,of R%is written as

W = F{ﬂnﬂzz = (a12)*}.

Further L; are still (I)p-homogeneous in(y", ¥?), so that we get

(2.2) Loy =1

The geodesic equations in F? along curve C:x' = x'(t)are given by [1]
_ ke

(2.3) L T 0

Substituting (2.2} in (2.3), we get

(2.4) Ligy = Loy + 92 =y W =0

which is called the Weierstrass form of geodesic eguation in FZ([8],[9]).where ' =
dy'/dt . For the metric function L(x,y; ¥,¥), (2.4) becomes to

L
ag?

#2L a2L

- 0
dydx  didy

(2.5)

+ (i = y¥)

Let [ = {]l'jlk (x!,x*)}be the Levi-Civita connection of the associated Riemannian spaceR®.
We introduce the lincar Finsler connection I' = {}‘;k, Vel l]]l and the f- and c-covanant
differentiation in Iare denoted by (;i, (i))respectively, where the index (0) means the
contraction withy®. Then we have yj =0,a; =0andag,; =0.
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On other hand, from (3.1) we have
{3.4‘] L{J:]:l. = Lﬂ.p-ﬁ'ﬂu] + L,E:ﬁ' ﬁ;ibf + Lﬂﬁjibj;f'

Similarly to the case of L{x'x%; yly?) and a(x!, x?), we get the Weierstrass
invariantw (o, ) as follows:

Liw L L
(3.5) W=F=_§=%
Substituting (3.5} in (3.4), we have
{E.El:l L{I‘]a' = HW'B;.' (ﬂbf —Bﬂﬁ.]} + L_’ﬂ'q;i .
From (3.3) and (3.6) we have
(3.7) Ly — Lany = aw({p, (ab, — fagy) — Ba(ab, — Pay,)} — Lg(byz — Lyy)

+'¥5 0 — ¥¥i W

If we put }";ig = j.rf + }"151} . we get

(3.8) y it = vyt = vty —¥iylo — O0ME o — ¥ o)
Substituting (3.7) and (3.8) in (2.4), we have

(3.9) aw{fi(ab; — fag) — Balab, — Bapy)) — Lg :% —%) +(yvh —yiylw,

wherefi; = b, ;v". According to §2 of [6] , the relation of W, W, and w is written as
follows:

(3.10) W = (Lp +awy?)W, .
where y? = b?a® — 2 and b* = a'b;b; .
Therefore (3.9) is expressed as follows:

db db
G1) (L +awy?) (¥ y2 — ¥yl )W, — L (2 — 22

+aw(bg,(aby — Bag)) — by (aby — fagy)} = 0.
Thus we have the following

Theorem 3.1 In a two-dimensional Finsler space F? with an (e, B — metric, the differential
equation of a geodesic is given by (3.11).

Suppose that a be positive — definite. Then we may refer to an isothermal coordinate
system (x') = (x, ¥)([5]) such that

ag=af ,a=alxy)=0, E= /22 +y2 |

that is . @yy = azz = a”, a2 = 0 and l'_y1 ,yz} = (x,¥).From a ﬂ:-f(r}y"yf we
get @agy ey = 4 — a8, @,y y* fa® . Therefore we haveea gy, = (ay/E)? .and W, =

2

a/E?® Furthermore the Christoffel symbols are given by
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—E3Lg(by, — by, ) — E*a®w(b, 7 — byi)bg o = 0
where

(3.17) boo = brsy"y® = (b % + by, ¥)% + (b X + bz, ¥)

+ {6 +57)(axby + aybz) — 26 + by)(ack +ay 7))

by abj =
where b = = and by, = o thus we have the following
Theorem 3.2 @ In atwo dimensional Finsler space F? with an (e, f)- metric, if we refer to

an isothermal coordinate system (x, ¥)such that & = aFE | then the differential equation of a
geodesic is given by (3.16) and (3.17).

4. Equation of Geodesics in a two dimensional Finsler with special(ee, 8)-metric L = « +

i
ﬁ+n_p.

The (e, #) -metric L{a, f) =a + § + %ls called special (e, f)metric .

g2 zg? Zaff 2a?
L,=1- lgg =——= Ly = ———=  Lgg = ——
@.1) “ (a—p)2 " " T (a—p)® AR (a—p) ' "B T a—p)?
’ o e Lep  Lap 2
[E af a2 {a—fP

Substituting (4.1) in (3.16), we obtain the differential equation of a geodesic in an isothermal
coordinate system (x, ¥} with respect to aas follows:

(42) {ala —pg)a—28) + 2a(byy — byi)* Haliy — %) + E* (a, 7 — a, %)}

—E*a?(ax — B)(biy — bz ) — 2E*a®(byy — baik)bg 0 = 0
If the particular t of curve C is chosen x offx,¥) . then x=1,¥% =y’ JaE=0,¥=
y 1T+ 07
(4.3) {a(e — B)(a — 2B) + 2a(byy’ —b)*Hay" + (1 + (') (ay —a,)}

—a(1+ () + )Nala — B)(bry — b22) — 2a(biy’ — ba)bje} =0

(44)  big = (b, + b‘l_}ryl) + (by, + bz-,-}"']}'l

1 'y ‘ .

+ E{{l + (v ¥Maehy +a,ba) — 2(by + by Ya, + a,y )}

It seems quite complicated from, but }'" 15 Eiven as a fractional expression in y' .

Thus we have the following

Theorem 4.1Let F2 be two-dimensional space with special Finsler metric. If we refer to a
local eoordinate system (x, ¥) with respect to @ , then the differential equation of a geodesic

¥ = y(x) of F?is of the form
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